Abstract. I show that the set of smooth curves of genus g ≥ 0 admitting a branched covering X → P 1 with only triple ramification points is of dimension at least max(2g − 3, g). In characteristic two, such curves have tame rational functions and an analog of Belyi's Theorem applies to them.
Introduction
Let C be a smooth proper curve over an algebraically closed ground field k of arbitrary characteristic p ≥ 0. Fulton [3] showed that there are always genericallý etale finite maps C → P 1 whose ramification points have index e = 2. In this paper, I pose the following question: Does there exist a genericallyétale finite map C → P 1 whose ramification points all have index e = 3? Fried, Klassen, and Kopeliovich [2] took a first step into this direction. They proved that all but finitely many complex elliptic curves admit such a map. In fact, their proof reveals that for any given genus g ≥ 1, the set of Riemann surfaces of genus g admitting such maps is at least 1-dimensional. The arguments, however, are purely topological and involve homeomorphism spaces, Dehn twists, and Teichmüller theory.
The main result of this paper is an improved lower bound on the dimension via purely algebraic methods. We shall prove that the set of points in M g whose corresponding curve admits rational functions with only triple ramification has dimension ≥ max(2g − 3, g). Our arguments work in all characteristics p = 3 and rely on deformation theory and the moduli space of stable curves. The basic idea is to deform a covering X 0 → P 1 where X 0 is a curve with cuspidal singularities, so that each cuspidal ramification point breaks up into two regular ramification points. The semistable reduction involved in this neatly explains why we miss g dimensions from the (3g − 3)-dimensional moduli space M g . One might speculate whether or not we found the best lower bound.
My motivation to study this problem is Belyi's Theorem [1] . It states that a compact Riemann surface is defined over a number field if and only if it admits a finite map to the Riemann sphere with at most three branch points. Saïdi [11] generalized this to odd characteristics as follows: An algebraic curve C in characteristic p ≥ 3 is defined over a finite field if and only if it admits a tamely ramified morphism C → P 1 with at most three branch points. In characteristic p = 2, the if part holds true, but the only-if part remains mysterious. However, a curve C over F 2 admits a tame function with at most three branch points if it admits a tame function at all. In some sense, the result of this paper tells us that the Belyi-Saïdi Theorem is valid in characteristic p = 2 at least for a (2g − 3)-dimensional set.
The question whether a finite morphism X → P 1 whose ramification points have index e = 3 exists is also interesting for nonclosed ground fields. There, however, I showed in [12] that the generic curve C η of genus g ≥ 3 in characteristic p = 2 does not admit such a map. This relies on Franchetta's Conjecture, which states that Pic(C η ) = ZK Cη . Here the ground field is the function field κ(η) of the moduli space M g . Of course, it still might be true that the desired map exists over some field extension κ(η) ⊂ L.
Here is a plan for the paper. In Section 1 we study collisions of triple ramification points in terms of local equations and semistable reduction. To globalize this, we collect in Section 2 some general results about deformations of coverings whose fibers are complete intersections. We use this to construct effective formal deformation in Section 3, and explain the resulting increase of transcendence degree in moduli fields. Section 4 contains a construction of maps P 1 → P 1 with only triple coverings so that P 1 marked with the ramification points has a large moduli field. We use this to prove our main result, which occurs in Section 5. The last section contains some applications regarding Belyi's Theorem in positive characteristics.
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Collision of triple ramification points
The key idea of this paper is to collide triple ramification points. To explain this, let me start with the complex-analytic viewpoint.
Let D = {z ∈ C | |z| < 1} be the complex unit disc. For each nonzero t ∈ D, the fundamental group π 1 (D − {0, t}) = Z * Z is a free group on two generators, and etale triple coverings X * → D − {0, t} correspond to the choice of two permutations σ 0 , σ t ∈ S 3 specifying the local monodromies. Moreover, suchétale coverings extend uniquely to branched coverings X → D. What happens if t → 0, that is, if the branch points collide? We shall analyze this now in the case that both permutations σ 0 and σ t equal the 3-cycle (1, 2, 3) .
The equation u 3 − z(z − t) = 0 defines a closed subspace X t ⊂ C × D depending on a parameter t. For t = 0, the canonical projection f t : X t → D is a branched covering with branch points 0, t ∈ D. The covering is connected, because the polynomial u 3 − z(z − t) is irreducible. Clearly, the local monodromies σ 0 , σ t are 3-cycles. The product σ 0 σ t , which is the monodromy at infinity, is a 3-cycle as well. To see this, calculate the winding number of z(z − t) around 0 ∈ C, for z = (1 + t)e 2πir with 0 ≤ r ≤ 1. The winding number in question is
by residue calculus. It follows that σ 0 σ t has order three, so after a suitable enumeration of sheets our monodromy permutations are σ 0 = σ t = (1, 2, 3). In the limit t → 0, the defining equation becomes u 3 − x 2 = 0, so X 0 ⊂ C × D is a curve with a cuspidal singularity. The completion of the local ring is 
, and B n = B 0 ⊗ k A n , and B = lim ← − B n . Set
Then C is a free B-module with basis 1, u, u 2 . Set S = Spec(A), and Y = Spec(B), and X = Spec(C). Similarly, we define S n = Spec(A n ) et cetera. Then X 0 = Spec(C 0 ) is a complete local 1-dimensional scheme with cuspidal singularity. The canonical morphism f 0 : X 0 → Y 0 is finite and flat of degree three. We now view f n : X n → Y n as infinitesimal deformation of f 0 parameterized by S n . The collection (f n ) n≥0 defines a formal deformation over the formal spectrum S = Spf(A). By construction, this formal deformation is effective, that is, it comes from a morphism f : X → Y of schemes over S.
Let η ∈ S be the generic point, whose residue field κ(η) is the field of formal ′ ∈ Y η be the closed points corresponding to the primes (z) and (z − t), respectively. Then f η : X η → Y η is a triple covering with b and b ′ as branch points. The ramification is total over each branch point. The closed fiber X 0 of the family X → S has a cuspidal singularity. However, we may achieve semistable reduction after suitable base change. More precisely: Proof. Let Z → X be the blowing-up of the closed point. To calculate this, consider the blowing-up of k[u, z, t] at the origin. This is given by the three charts k[u/t, z/t, t], and k[u/z, z, t/z], and k[u, z/u, t/u]. The strict transform of X has equations t(u/z) 3 − (z/t) 2 + z/t = 0, and z(u/z) 3 − 1 + t/z = 0, and u − (z/u) 2 + (z/u)(t/u) = 0, respectively. It follows that Z is regular. Setting u = z = t = 0, we see that the exceptional divisor for Z → X is a reducible quadric Q ⊂ P 2 k , which intersects the nonproper part of Z 0 in the double point. Blowing up this triple intersection, we obtain a configuration
where the horizontal P 1 k has multiplicity three, and the three vertical components have multiplicity one.
To achieve semistable reduction, we follow the algorithm given in [8] , page 122-130. In particular, the normalized base change X ′ along t → t 3 is nothing but the branched covering of degree three branched along the three vertical components with multiplicity one. Like on page 129, we conclude that the proper part of X ′ 0 is an elliptic curve with j-invariant j = 0, and it intersects the nonproper part of X ′ 0 in a single point. Note that the algorithm in [8] is stated over the complex numbers. However, it remains valid in characteristic p = 3, because it involves only maps of degree three. Remark 1.2. Unfortunately, the elliptic curve E occurring in the semistable reduction is not generic. This explains why in Theorem 5.1, we only get moduli fields of transcendence degree at least max(2g − 3, g), and not the maximal possible transcendence degree 3g − 3.
Deformations for coverings of complete intersection
Fix a ground field k of arbitrary characteristic p ≥ 0. Let X and Y be two curves without embedded components, and f : X → Y a flat finite morphism that is genericallyétale. Then Ω 1 X/Y is a coherent skyscraper sheaf supported by the ramification points x ∈ X. We shall study infinitesimal deformations of f : X → Y . Let R be a local Artin k-algebra with residue field k. A deformation of f over A consists of a curve X A flat and of finite type over A, a morphism g A : X A → Y ⊗ A, and an isomorphism g A ⊗ A k ≃ g.
Suppose I ⊂ A is an ideal with I 2 = 0, and g A/I : X A/I → Y ⊗ A/I is a deformation over A/I. According to [9] , Proposition 2.1.2.3, the obstruction for extending it to a deformation g A : X A → Y ⊗ A over A lies in the vector space of hyperextensions
• X/Y is the cotangent complex for f . These obstructions vanish under suitable assumptions. Recall that f : X → Y is a morphism of complete intersection if for all x ∈ X, the Artin local ring O X,x /m f (x) O X,x is the quotient of some power series algebra κ(x)[[t 1 , . . . , t n ]] by a regular sequence ( [7] , Definition 19.3.6).
Proposition 2.1. If the morphism of curves
To see this, fix a ramification point x ∈ X, and write
Then we have B = C/I for some power series algebra C = A[[t 1 , . . . , t n ]] with n sufficiently large. According to [7] , Corollary 19.3.5, the ideal I ⊂ C is generated by a regular sequence, because f is a morphism of complete intersection. Therefore the B-
is generically bijective, because f is genericallyétale. Hence its kernel vanishes, since O X has no embedded components. In turn,
from the spectral sequence is surjective. Next, consider the spectral sequence
vanishes, because the stalks of Ω 1 X/Y have projective dimension ≤ 1 by the local arguments above. We conclude that Ext
vanish. Suppose again that I ⊂ A has square zero, and that g A/I : X A/I → Y ⊗ A/I is a deformation over A/I. According to [9] , Proposition 2.1.2.3, the set of isomorphism classes of deformation g R : X A → Y ⊗ A endowed with an isomorphism g A ⊗ A/I ≃ g A/I is an affine space for the vector space of hyperextensions
and the result follows.
Construction of effective formal deformations
We now apply the results of the preceding section in the following situation. Fix a ground field k of characteristic p = 3, and letX 0 be a smooth proper geometrically connected curve of genus g ≥ 0 over k. Suppose we have a finite genericallyétale morphismf :X 0 → P 1 k whose ramification points are all rational and have index e = 3. In this situation we also say thatf has only triple ramification.
Letx ∈X 0 be such a ramification point. Applying an automorphism of P 1 k , we may assume thatx maps to 0 ∈ P 1 k . Choose uniformizers s ∈ OX 0 ,x and z ∈ O P 1 k ,0 with z → s 3 . Let X 0 be the singular curve of arithmetic genus g + 1 = h 1 (O X0 ) defined by the cocartesian square
ThenX 0 → X 0 is the normalization, and the image x ∈ X 0 ofx ∈X 0 is a cuspidal singularity with O
Sincex is a ramification point, the morphism f 0 :X 0 → P 
The generic fiber X η is a smooth geometrically connected curve of genus g +1.
Proof. First, we shall construct a formal flat morphism X → Spf(A) and a finite formal morphism f : X → P 
by Proposition 2.2, where x i ∈ X are the ramification points and y i ∈ P 1 k are the corresponding branch points. Hence we may choose, for each ramification point
gives another flat A n -scheme X n together with a morphism f n : X n → P 1 An satisfying our conditions (i)-(iii). By induction we construct for all integers n ≥ 0 morphisms f n : X n → P 1 An together with identifications ϕ n : f n ⊗ A n−1 ≃ f n−1 . Such a system is nothing but the desired morphism of formal schemes.
Being 1-dimensional, the proper scheme X 0 admits an ample invertible sheaf. The obstruction for extending an invertible sheaf from X n−1 to X n lies in the group H 2 (X 0 , O X0 ) = 0. It follows that there is a formal invertible sheaf on X that is ample on X 0 . By Grothendieck's algebraization theorem ([4], Theorem 5.4.5), the formal scheme X is the formal completion of a projective A-scheme X. Moreover ( [4] , Theorem 5.4.1), the morphism X → P 1 × Spf(A) of formal schemes comes from a morphism of schemes f : X → P 1 A . Properties (i)-(iii) hold because they depend only on the underlying formal schemes.
Concerning the last property (iv), observe that X 0 is geometrically integral, becauseX 0 → X 0 is a birational universal homeomorphism. Then X η is geometrically integral as well by [6] , Theorem 12.2.1.
Starting with a smooth proper geometrically connected curveX 0 over a field k of genus g ≥ 1 endowed with a finite genericallyétale morphismX 0 → P 1 k with only triple ramification, Proposition 3.1 produces a smooth proper geometrically connected curve X η over k((t)) of genus g + 1 endowed with a finite genericallý etale morphism X η → P 1 η with only triple ramification. The curve X η defines a morphism Spec k((T )) → M g+1 into the moduli space of smooth stable curves. Let x ∈ M g+1 be the image point. Its residue field κ(x) is called the moduli field for the smooth stable curve X η . Proposition 3.2. The moduli field for the smooth stable curve X has transcendence degree ≥ 1 over k.
Proof. Consider the moduli space M g+1 of stable curves of genus g + 1. According to Proposition 1.1, the semistable reduction
. We conclude that the image x ∈ M g+1 of η ∈ Spec(A) is not a closed point, and the statement follows.
Moduli fields for pointed rational curves
Fix a ground field k of characteristic p = 3, and let n ≥ 3 be an integer. In this section we study stable n-pointed curves (P 1 K , x 1 , . . . , x n ) defined over field extensions k ⊂ K and their moduli fields. Note that the corresponding moduli space M 0,n is fine, because any automorphism of P 1 K fixing three rational points is the identity.
To calculate moduli fields, we first apply some γ ∈ PGL 2 (K) to obtain x 0 = 0, x 1 = ∞, and x 2 = 1. Then the moduli field for (P 1 K , x 1 , . . . , x n ) is precisely the field generated by the fields of definition for the remaining marked points x 4 , . . . , x n ∈ P 1 K viewed as closed subschemes (compare [5] , Corollary 4.8.11). It follows from this description that the moduli field neither changes under permuting the marked points nor under applying an automorphism γ ∈ PGL 2 (K). Now suppose we have a stable curve (P 1 K , x 1 , . . . , x n ) and a finite group G acting on P Proof. We may assume that the group action is faithful. The generator g ∈ G acts via some A ∈ GL 2 (K). This matrix has an eigenvector because the G-action has a fixed point, which is rational by assumption. If A has no other eigenvector, the matrix is conjugate to ξ λ 0 ξ , where λ ∈ K is a scalar with lλ = 0, which is impossible because l is prime to the characteristic.
Hence A is diagonizable, so we may assume that g ∈ G acts via 1 0 0 ξ for some primitive l-th root of unity ξ ∈ k. The upshot is that the G-action is defined over the moduli field of (P 1 K , x 1 , . . . , x n ), and so is the quotient (P 1 K , y 1 , . . . , y n ). Conversely, let L be the moduli field of (P 1 K , y 1 , . . . , y n ). As above, the quotient map f :
, and the marked points x i ∈ P 1 K are defined over some finite field extension of L(ξ) generated by the residue fields from the fibers f −1 (y i ).
Now assume that there are algebraically independent elements t 4 , . . . , t n ∈ K, and consider the n-pointed stable curve (P 1 K , y 1 , . . . , y n ) with y 1 = 0, y 2 = ∞, y 3 = 1, and y i = t i for 4 ≤ i ≤ n. Its field of definition is the purely transcendental field extension k(t 4 , . . . , t n ) ⊂ K, which has transcendence degree n − 3. Proof. Consider the polynomial map g :
Then g is a genericallyétale finite map of degree three with only triple ramification, whose ramification and branch points are 0, ∞ ∈ P 1 K . For suitable λ ∈ PGL 2 (K), the composition λg realizes any given pair of rational points a, b ∈ P 1 K as branch locus. We now construct the desired map f by induction. Suppose we already have a genericallyétale finite map f i :
Li with only triple ramification such that y j occurs as branch points for 1 ≤ j ≤ i and f i isétale over
′ be a finite field extension such that there is a rational point
′ is a branch point for λ i g, but that λ i g isétale over f −1 i (y j ) for j = i+1. Then f i+1 = f i λ i g is the desired map. As for the ground field, choose a finite field extension L i ⊂ L i+1 so that the fibers of f i+1 :
over the branch points y j contain only rational points.
It remains to check the assertion on moduli fields. We shall prove by induction on i ≥ 0 that for each choice of rational points x j ∈ f −1 i (y j ) for 1 ≤ j ≤ n such that x j with 1 ≤ j ≤ i are ramification points for f i , the moduli field of (P 1 Ln , x 1 , . . . , x n ) has transcendence degree n − 3. Set x ′ j = λ i (g(x j )). Inductively we know that the moduli field of (P Ln , x 1 , . . . , x n ) has transcendence degree n−3 as well.
Curves with only triple ramification
We come to the main result of this paper:
there is finitely generated field extension k ⊂ K and a smooth stable curve C of genus g over K with the following properties:
(i) The moduli field of C has transcendence degree over k at least max(2g − 3, g).
(ii) There is a finite genericallyétale map C → P 1 K with only triple ramification. Let me reformulate this over algebraically closed ground fields. First, we extend the result on elliptic curves of Fried, Klassen, and Kopeliovich [2] to positive characteristics:
Corollary 5.2. Suppose k is algebraically closed of characteristic p = 3. Then for all but finitely many j-invariants j ∈ k, the corresponding elliptic curve E admits a finite genericallyétale map E → P Proof. Let C → P 1 K be as in Theorem 5.1, and choose an integral k-scheme U of finite type whose field of rational functions is K = κ(U ). Shrinking U , we may extend C to a smooth relative curve X → U , and C → P 1 K to a U -morphism f : X → P 1 U . Shrinking further, we may assume that all fibers f u : X u → P 1 u are genericallyétale finite maps with only triple ramification. By Chevalley's Theorem, the image V = g(U ) of the classifying map g : U → M g is constructible. Shrinking U , we may assume that V ⊂ M g is a subscheme. Since the moduli field of C has transcendence degree ≥ 2g − 3, the dimension of V is at least 2g − 3. For each rational point σ ∈ V , the fiber g −1 (σ) ⊂ U contains a rational point because k is algebraically closed, and the result follows.
Proof of Theorem 5.1. First consider the case g ≥ 3. We shall construct by induction on n ≥ 0 a pointed smooth stable curve (C n , c n 1 , . . . , c n g−n ) of genus n with g − n marked points over some field K n , so that the moduli field has transcendence degree ≥ n + g − 3. Moreover, there will be a genericallyétale finite map f n :
Kn with only triple ramification such that the c n i are ramification points. Induction terminates at n = g.
According to Proposition 4.2, the desired curve exists for n = 0. Suppose we already found by induction (C n , c n 1 , . . . , c n g−n ) and f n : C n → P 1 Kn for some n < g. The idea now is to trade the last marked point for a genus increase. Conforming with the notation in Section 3, we setX 0 = C n andx = c n g−n , and let X 0 be the corresponding cuspidal curve of genus n + 1 with normalizationX 0 . According to Proposition 3.1, there is an effective deformation X → Spec(A) over
with closed fiber isomorphic to X 0 . Moreover, the induced map X 0 → P Here E is an elliptic curve with j = 0 and C n ∩ E = c n g−n . It follows that the residue field κ(σ) has transcendence degree ≥ n + g − 3. As a consequence, the image of the generic point η ∈ Spec(A ′ ) in M n+1,g−(n+1) has residue field of transcendence degree ≥ (n + 1) + g − 3.
The residue field of η ∈ Spec(A) is the field of formal Laurent series K n ((t)). By [6] , Theorem 8.8.2, the curve X η , the rational points c n+1 1 , . . . , c n+1 g−(n+1) ∈ X η , and the map X η → P 1 η are already defined over some finitely generated field extension K n+1 ⊂ K n ((t)). This gives the desired pointed stable curve (C n+1 , c n+1 1 , . . . , c n+1 g−(n+1) ) of genus n + 1 with g − (n + 1) marked points over K n+1 , together with the map f n+1 : C n+1 → P 1 Kn+1 . We have completed the induction. It remains to treat the case g ≤ 2. For g = 0, we simply take C = P 
Connections with Belyi's Theorem
Belyi's Theorem [1] states that a compact Riemann surface is defined over a number field if and only if it admits a rational function with at most three critical values. Saïdi [11] generalized this to odd characteristics p ≥ 3. Let me rephrase the part of his result that holds true for all characteristics: Then f = h n • g is the desired map for some n sufficiently large, as explained in [11] , Theorem 5.6.
In characteristic p ≥ 3, tame functions g : C → P 1 Fp as in (ii) exist by [3] , Proposition 8.1. In characteristic p = 2, Corollary 5.3 tell us that this holds true for a set of of curves of dimension at least 2g − 3.
